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LIMIT PROPERTIES OF POISSON KERNELS
OF SIEGEL DOMAINS OF TYPE Il
BY
LAWRENCE J. DICKSON

ABSTRACT. The results of [1] concerning tight Co' limit of the Poisson
kernel of a tube domain, as its parameter converges to a point on the cone
boundary, are extended under certain hypotheses to Siegel domains of type II.
In the case where the domain is polytopic, almost everywhere convergence of
the LP Poisson integral to its boundary values is obtained. Examples and fur-
ther conjectures conclude the paper.

I. Notation and basics. In this paper we extend some of the results of [1]
to Siegel domains of type II (which we will henceforth call “Siegel domains”).
This paper is a sequel to [1], from which we draw our basic notation. Also we
will refer freely to parallel results and proofs in that paper.

We will make use of two notational conveniences. The lower-case letter c,
with or without subscripts, will always denote a positive constant or function de-
pendent only on the dimensions m and n and the original Siegel domain Q =
S o under consideration (see below). Secondly, we will omit explicit references
to degenerate cases (such as n = 0) while including them in our theorems: the
interpretation of the 0 x k matrices, 0 x O determinants, etc., arising in these
cases is obvious.

1.1. DEFINITIONS. Let C™ = R™ @ iR™ and C" be finite-dimensional vec-
tor spaces over C, with (fixed) inner products induced by the direct sum, and
R™ a (fixed) real form of C™. A Siegel domain of class (m, n) is a domain Q
of C™*" = R™ @ iR™ & C" defined as follows [2], [4]:

1) Q=Qp¢={x+iy+i®(),2): xER™,y€ET,zEC"},

where ®: C" x C" — C™ is a Hermitian form (relative to R™) satisfying, for
the proper cone T,
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¢)] z#0=>dz)eT - {0}.
Here we write ®(2) for ®(z, 2).
The distinguished boundary of Q is Q4 = {(x + i®(2),z): x ER™,zE€C"}.
The nilpotent group N of S is the group which is set-theoretically identical
with R™ @ C" but which possesses the group operation

3 x,2)o (U, w)=(x +u—2Im P(z, w),z + w).
Its operation on £ is defined by (3) and

) (x, 2)[(y, 0)] = (x +iy +id(z), z), y€T.
We set up the canonical identification of R™ ©C", N, and Q, by

5)(, 2)ER™ ®C" <> (x,2) EN > (x, 2)[(0, 0)] = (x + i®(2), 2) € Q.

The canonical measures du on £, and dv on N are those induced by canonical
Lebesgue measure dA™ *2" on R™ & C" under this identification; dv is Haar
measure on .

The group M is transitive on &, and acts on £ (or £). R™ © C" may be
identified with the underlying vector space of the Lie algebra of N, and then the
canonical identification becomes the exponential map. All the structure in the
above definition is invariant under transformations of the form Q ® U, where Q
is real orthogonal on R™ @ iR™ and U is unitary on C": we shall therefore
freely identify Siegel domains which are related by such transformations.

1.2. DEFINITION (SEE [2]). The Szego kernel S(Z, W) = S(Z) of Q is
the reproducing kernel of H3(S2), where the norm on H2(S) is defined as the L2
norm of the Q, boundary values using the measure du. The Poisson kernel
PZ W) =Py(Z),Z €y, WE Q is defined by

Q] P, @) =lISyl72I1Sy@)%.

Using Haar measure and the uniqueness of S, one easily gets S (A(Z), v(W))
= S(Z, W) for vE N, and hence P(v(Z), v(W)) = P(Z, W). Since for our
purposes we may assume Z € $,, we need only investigate the functions S and
P, where

S@; x, z) = S + i¥(2),'2; iv, 0),
™ P(v;x, z) = P(x + i®(z), z;iv,0), vET,xER™, zEC".

The usual method yields [2]
®) P@; x, z) = IS@; x, 2)I>/S(2v; 0, 0).
1.3. CLAM. Suppose A € GL(m, R) and B € GL(n, C), and = Q. o
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is a Siegel domain of class (m, n). Then Q' = (4 ® B)Q is also a Siegel do-
main: in fact Q' = Qg o, where I’ = AT and &' = ADB. Here AP is de-
fined by

€)) ADB)(e, w)=ADB 'z, B"'w), z,weC
Also

(10) Sq(Av; Ax, Bz) = (det A)~'|det BI=2S5(v; x, 2),
a1n Pg (Av; Ax, Bz) = (det A)~!|det BI~ 2P, (v; x, z),

Proor. Elementary, using uniqueness of S.

14. CLAamm (ExpLICIT FORMULAS). Define C, to be the n x n complex
matrices, H, C C, the Hermitian matrices, H,} C H,, the positive definite matrices.
For a € I'* define ®(a) € H,f by requiring (®(z, w), a) = z'®(a)w. Then

. — Aat—m_—m-n
(12) s@;x,z)y=2"""n fr

Let S(v; o, 7) denote the m + 2n-dimensional Fourier transform of §
with respect to x and z, where z is treated as a 2n-dimensional real variable with
real inner product {z, w)® = Re(z, w), and similarly for P(v; @, z). Then

e P(@)tv—ix,a) det <I>(a) d\m (@).

»

(13) S;-a, )= 2"X (@) exp[— 21 (v, @) + % B(@ ' @),
where ®(a)~!(w) = w'd(a)~ ! w; and

ﬁ(v; a,2) = c(v) fr. e—4m(v.p)
]

a9 [ onf-5 [o(s+5) (v+2)
‘o (,3 . %)”( - %)]} X" () dA(B),

where '} = (T* + a/2) N (['* — a/2) C T'*, and c¢(v) takes such a value that
P@;0,0)=1.

ProoF. Formula (12) is essentially the same as Gindikin’s formula given
in [2]: we have merely integrated the expression for L() in that paper. The
Fourier inversion formula applied to (12) immediately gives us the Fourier trans-
form with respect to x alone:

Sw;—a z) = 4~"xr.(a)e“2"‘°(’)+”'°‘) det ®(a).

Multiplying by exp(2miRe(Z, z) ) and integrating over z € C" yields (13) upon
diagonalizing ®(e) by a unitary transformation of C". (14) follows from (8) and
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the product formula for Fourier transforms, using the fact that the Poisson ker-
nel has unit integral.

1.5. CLaM. Let fbe a function of LP(N) = LP(R™ & C") = LP(Q,),
1 <p <. For WE Q define Pf(W) =(f, Py} to be the Poisson integral of f,
if f € L?, define Sf(W)=(f, S w) to be the Szego-integral or holomorphic part
of f.

Then for (x, z) €N, v €T, and convolution in N, we have

(15) S, 2) [(v, 0)]) = (f * S,) (x, 2):

(16) Pf((x, 2)[(v, 0)]) = (f * P) (x, 2).

Proor. (15) follows from (7), the group invariance of S, and the fact that
S(; x, z) = S(v; — x, — 2). The proof of (16) is similar.

1.6. DEFINITION. Let m, n be nonnegative integers, C the set of all proper
cones of R with the cone metric [1, 2.2], © the set of all Hermitian forms &:
C" x C" — R™ @ iR™ with a linear norm. Define

an G ={(,®d;v)€ C x © x R™: ® is I'definite, v ET},

with topology induced by the product topology for C x © x R™.
Suppose ¥ € G, ¥ = (I, ®;v);let T C R™ and U C C" be subspaces of
real dimension k and complex dimension I respectively. If Q = Q. o, we define

(18) S(1; %, 2) = S,(x, 2) = Sq(v; X, 2);
(19 P(y; x, 2) = P, (x, 2) = Py (v; X, 2);

e T xe 2 = By, )
: 2n-21 -k
= [ f R g+ )N ),

forx ER", x, €T, z€C", 2z, €U

1.7. THEOREM (KERNEL CONTINUITY). Let T, U be fixed, notation as in
1.6.

Then the map from G into Co(R™ © C") defined by v +— S., maps G
continuously into LP(R™ ® C"), 2 < p <. The map from G into Co(T ® U)
defined by v +— P,f 'U sends G continuously into LP(T® U), 1 <p <.

ProoF. The kernels are clearly C,, so it will be enough to show the first
claim for L? and L™, and the second for L! and L™. To do this, we go to the
Fourier transform side. All the transformed kernels are exponentially decreasing,
and uniformly so over compact subsets of G. Since vy +—> 57 is clearly L! and
L? continuous on compact sets, it is continuous in these norms, and the first
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claim follows. The L! cases of the second claim follow from (8), Fubini’s theo-
rem, and the L? case of the first. The L™ case follows from the L! behaviour
of the Fourier transform of P.f 'U_ which is just the restriction of P7 toTOU.

II. Tight C(’," convergence of the Poisson kernel as its parameter approaches
a boundary point. In this section p will denote a point in T'. By p* we will
mean the subspace [{ p}]*; and T'*(p) = Inn(p* N T*), T;(p) = [T *(p)],
T\(p) = [T, To(p) = [T,(p) ® T5(p)] L. Here brackets around a subset of a
vector space denote the linear span of that subset, and [, is the largest closed
subcone of I'such that p € Inn I'; =T',. Thus, at p, the cone I is “flat” in
T, directions, “sharp” in T, directions, and “rounded” in T, directions. Other
notation is as in [1].

2.1. DEFINITION. Let = S, 4 be a Siegel domain of class (m, n), and
let p €T. pis called a nicely differentiable (“nice™) point of T with respect to
& if the following hold:

(a) p is a “nice” point of T [1,2.6];

(b) there exists a € T *(p) such that ®(Ker ®(a)) C T,(p).

Here the systematic confusion about the domain of ® arises: we consider
() as a transformation of C”, and the outer ® as in (2). Note that if, as
“sually” happens, T, = { ¢ €T: (g, @) = 0} somea € T *(p), then (b) is auto-
matically satisfied. Also note that (since Ker ®(a, + 28) = (Ker ®(ap)) N
(Ker ®(p)) for ay g €T*, £ > 0) Ker ®(a) = Myer () Ker B(B) for every
a €T ¥(p).

2.2. CLaM. Let notation be as above, p a “nice” point, and let T; =
T;(p). Define U; = Ker ®() C C" for €T *(p) and let U, = Uy. Ifa =
o, +a, +a; €T, a; € T}, we have

<A(a1) Bl(a1)> < 0 B(a,) ) 0 0
Q) e@={ , + + >0,
Bi(a;) Ci(ey) B (o) Cy(ey) 0 C(a;)

where the A’s, B’s and C’s are linear functions of the o;’s.

Now let 7; be the orthogonal projection of R™ onto T; and m; the orthog-
onal projection of C”" onto U;. For 6 > 0 define the standard differentiator
(A®B); =A; ®B;,where Ag =7, +87'r, + 6~ %r; and By =, + 5~ !m,.
Then if p is a “nice” point with respect to ® and Ty = lim;_, 5 A;T, then &, =
limg_, o A; @Bs exists, is T'y-definite, and is defined by

A(ey)  B(ay) —
(22) @) = >0 fa=q, +a,+a; €Ty
B*(a,) C(ay)
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Furthermore, C(a;) > 0 for a; € I' *(p) and A(x;) >0 fora, EInn 7,(F*) =
,@T*).

PrROOF. Since a,, a3 1 T, the zeros in the top left in (21) follow from
2.1(b). Since I' *(p) spans T, it follows that U, C Ker ®(a,) Va; € T;, and
the form of ®(a,) is justified. ®(a) > 0 follows since ® is I-definite. The
existence and expression for @, follow by plugging in the definitions, and its
T',-definiteness follows. Since U, = Ker ®(a) Va € ' *(p), C(a;) > 0 must
holdif a; ET*(p). Ifa, + @, + ;= €T*, 0%z, €U,, then 0 #
®(a)(z,) = 234(e;)Z;, 50 A(e;) > 0. This completes the proof.

2.3. DEFINITION. Let notation be as above. p € T is regular with
respect to & if the following hold:

(a) p is a “nice” point of T with respect to ®,

(b) p is a regular point of T [1, 2.10],

(©) if Ty N (T, + a, + ;) # & then there exists a, € T, such that a,
+a, + a; €Ty and A(e,) = B(a,)C(a;) " 'B*(,).

Note that the right-hand expression in (c) makes sense, since 7Ty =
I'*(p). Also if a, satisfies (c) and o} € T, we have o + a,+ a; €Ty enly if

I —B(az)C(as)"l> ( A@)) B(a,) ) ( I o>
I B*(a,) Cla;)/ \—Claz) 'B*@y) I

@,
(A(a’,) - B(e,)C(a3)"'B*(@,) O
=0;
0 C(a3)>

hence since C(a;) > 0 we get
(29 o) +a, +a; €T = 4@) —a,)>0.

But if «] is the base point of the cone (Ty — &, —a;) N T,, then @, — ;€
T, by [1, 2.11]; hence A(e, — o)) >0 and Aley) = A(a}). Therefore we may
assume that the a; of (c) is the base point of (Tg — a; —a3) N T,.

24. LEMMA. Suppose p € T is regular with respect to ®, with notation
as above. Define the class (m,, n,) Siegel domain

(25) Q,= Qrp,q,pc T, ®iT, ®U;; @,(y) =A(a,) fora, €T,.
Then if vo = (T, ®y; v) and 7,(v) = p, we have
@6)  PT1Y(yyix,02,) = Po (Pixy2)), V(xy,2,) €T, ®U;.

Proor. Since both functions are continuous with integrable Fourier trans-
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forms, we need only prove these are equal. Let (8,,8;) €A = (1, + 73) (T *).
If Bl = B 1(B;, B3) is the base point of (I‘ — B, — B3) N T, we have by 2.3
that A(B,) B(BZ)C(B3)‘IB*(32) Now (see (13)) define the quadratic form

-

tags = 003) (o) 0 p-5)” (o)

If we require o;, B; € ;5 w;, 2, EU;;B=8, +B, + B3, w=w, +w,,and
n =8, — B,(B;, B3), then
Lo (B, oy5 W, )= Lq,p(n, ay; wy —B(B,)C(B3) 'w,, £))
+ 2wi C(B3) Wy,

where the lower-dimensional Lq,p is defined as in (27).

Hence the inner integral of (14) is evaluated

J;:" exp (— %L%(ﬁ, a;w, 2,)) d\*"(w)
= u, XP(= W} C(63)™"%,)

' fu, exp (— 5 Lo (0 a3 wy = B(B)C(B3) "Wy, f,))

2n 2n-2n
(29) d\ lW‘ d\ 1W2

=fU exp(— 1rw2C(ﬁ3)‘l_2)d)\2" L w,

. f”n exp (_EL%("’ oWy, 2‘)) d\*"

m 2 2
"1(f33)f(,l exp (— 7 Lo, (. 0wy, 21)) d\""w,.

Substituting in (14), pulling out the 3,(62, B5) term, and integrating over (I‘; )°‘1
x A asin [1, proof of 2.11], we see that
i’no(v; oy, 2;) =c, (P, vy, v3)P9p(p; a, 2,).
Since 1 = P(x; 0, 0) for all Poisson kernels, we have C, =1. This completes
the proof.

2.5. THEOREM (TIGHT C; CONVERGENCE AND L9 BOUNDARY VALUES).
Suppose P (x, z) = P(v; x, z) is the Poisson kernel of Q = Qr o3 P is a regular
point of T with respect to ®; and for 0 <8 <85> 0, v; €T and lims_,q v5 =
p admissibly [1,2.9]. Then lims_,, P, exists in the tight Cg' sense for
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measures on N = R™ @ C"; and it equals the measure dup which is defined for
g€ Co(N )by

(30) fgdup = frlevl &0y, 2Py, Bp; 3 xy, zl)d)‘m"‘x d)‘znlzl.

Iff€LYN), 1 <q < 3 and we define the Poisson integral Pf of f as in
1.5, then under the above assumptions, in the L9 norm,
G1) 61{{1(1) Pf((x, 2) [(iv5, 0)]) = Pf((x, 2) [(ip, O)]) = Pf(p; x, 2)
=(f*u,)x 2),

where the middle equalities are definitions, and the right-hand convolution is in
N and well defined almost everywhere:

(f*1,) & 2)
G = r ou, (@ 2o (= 11, W )PT, i pity, w,)dA\ " w, XM,

ProOF. We note first that by the nature of the standard differentiator at
p, and the kernel continuity theorem for £, = Ql‘s 05 it follows that for arbi-

trary € > O there exists M <o, §, > 0 such that if 6 <&, and
EM,e)={(x; +x, +x3, 2, +2,): x5, €T}, 2; EU},

1%, 12 + 12,12 <SM?, Ix, 12 + |x41% + lz,1% < €%}
then

(33) fN_E(M'e) P(vg;x, 2)dN"x d\2"z < e.

Now by uniform continuity of g on E(M, €), and Lemma 2.4, the first paragraph
follows as in [1, 2.11]. The second part now follows using [1, 1.8], which works
just as well for L9 (1 <gq <),

III. Weak-type (1.1) boundedness and almost everywhere convergence. The
polytopic case. We begin by considering octant-based Siegel domains: as in [1]
these will prove the key to polytopic Siegel domains, or Siegel domains in which
I is a polytopic cone. Thus we assume I' = '}’ = (0, =)™, and that each
coordinate function of ® is = 0. In the following, ! will denote a vector of Z™,
and 2’ the vector 21, 22,...,2'™). Wesay I<[V'if [, <LV,

o will denote a permutation of (1, . .., m). We say ! belongs to o if
ly, 215, >+ >, . Denotingby o the jth canonical basis vector (0, ..., 0, 1;,
0,...,0)€R™, we introduce for each ¢ the unique orthogonal decomposition
C"=U] @U; ®+ - ®U,, defined by
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G UVeU]®---0Uf ={zeC": o) € [("!,a’2,...,d"}]}.

By induction on k = m — j + 1, using the positivity of the ®(a’), we see as in
22 that in (U7, ..., US )block matrix form:

0. -0 Q ¢ oo 0
00 0 0----- 0
d)(aol =
(35) ) 0---0 Ai' AI'1+I < A},’m

hoye L LD 4
0-..0 @° Al

with Aif,"’ > 0 for each j, o (unless dim U7 = 0).
Now for / belonging to o we set r(/) = ZZ, It7 dim U7, s() = Z2 ;3
and we define the l-dilation A; ® B, by setting

-1
21 0 -
A,=<'.. ) and B, = 221/2;’,

0 2"m j=1

where 77 is the orthogonal projection of C" onto U7. We thus get AT =T,

but &, = 4,9 Bl i given in block matrix form by replacmg the A in (35) by
(1 +l 21 )/2 4o

rs’

Note that if / belongs to more than one permutation o, then r(!), s(/), 4 I
B, and ®, are independent of the choice of ¢. Since for any / and j, a o can be
found such that / and / + o/ both belong to o, this implies r(!) is a nondecreas-
ing function of /; in fact, for 1 > I, we get 0 <r (/) — ry) <n(s(l) — s(ly)) =
ns(l - 1,).

3.1. CLaM. For any compact K C T there are constants C,(K ), C,(K)
such that

(36) C,(K) < det 9,(0) < C,(K) VI €Z",a EK.

Proor. It suffices to assume / belongs to a fixed permutation 0. But since
under this assumption I"r + I°s - 2’0, < 0 forr>j, s 2, it follows by (35)

and the following paragraph that { ®,: I belongs to o} is a precompact set. If @ =
(@, ...,a,) €T it follows from (35), by successively clearing the rows and
columns of ®,() as in (23), that

dimU}’

m .
det (@) > J] (o) det 477 >0
=1
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V1 belonging to a; thus for & € K we have det ®,(a) = C,(0, K) > 0. The ex-
istence of C,(0, K) > det ¢,(a) follows by boundedness.

3.2. DEFINITION. Suppose v ET = l" . Forl€Z™ et E, = E} ® E}
where E} ={(x;,...,x,) ER™: |x,| < 2'} and E}= {z € C™: (D(2), o)

2'1j}. Define I, = Io©) = (Ugy» loys - - - )where 2'r™t <y, < 200

eachj The v-partition of R™ @ C" is the set {E,(v) 12>1,} where
GN  E@=E- U{E_oi:i€{l,...,m}andl - o >1,0)}
The scalar expression z'®(a)z = (®(z), a) will henceforth be denoted by ®(a)(z),
forzeC",a €R™.

It is immediate that R™ @ C" is the dlSjOlnt union of the E,(v) We now
estimate A™*2*(E,) and max{P(v; x, z): (x, z) € E',(v)} This will enable us

essentially to show P, is “radially almost-everywhere fast-decreasing” [1, 1.11,
1.12], and thus to get the weak-type inequality.

3.3. LEMMA. There exist constants c,, ¢, > 0 (dependent on ®) such
that
(38) 2s(l)+r(l) ¢, < )\m+2"(E,) < 2s(l)+r(l)c2;

(39) P, &;v;x,2) < c, + 275070« 2= [s(D=s(0)+r() -r(lo)]
forl, =1,(v) and (x, z) € E ).

PrOOF. Obviously N™(E}) = 2™ « 2°(). If we define F, C C" by
(40) F={zecm: o2 H @) <1},

we easily see that F; C E} Cy/mF,. Diagonalizing ®(2~") we note that
A2"(F)) = c/det ®(2"), where ¢ = volume of unit ball. This proves (38), using
(36) and the fact that det ®(27") = 27"det (1, 1,. .., 1).

To prove (39) we get an explicit formula for the Szegé kernel. We have

S; x, 2) = 2n-mﬂ-m—nf;° e"'fltlf: e"'"ztz

@) .
LY ofo e mmpo(tl ..otm)'dtm oo-dtl

where §; = v + @) (2) — ix; and

Poltys ... ty)=det B(t,,...,t,)
(42)

r r
1 .60 m
t thm,

= Z A irpeeery,lt

rl+---+rm=n;ri>0
If we define
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Qolty, .. .5 t,) = > D ED )
'l+'"+'m=";’]>°
“43)
r
* arlrz-"rm tll o t;.m’

we find after substituting in (41) and using the gamma function integral that

l
44 . n—m —m -n ’ R
Since {®,: I € Z™} is bounded this imphes

45) ISTY, 503, 2)l <c(e) forallEZ,
ly + &) @I + Ix;1% = I§12 > €.

If Iy = 1y(v) for some fixed v, ! = [,, and (x, 2) € E,(v), we have for each j €
{1,...,m} one of the three following: |yl > 21", ®@@)(z)> 27", or

1—1
Ix;| = 2777, That is, I(A,v)l =24, ld),(a’) Bz) =%, or I(A,x) | 2 %. Hence
by (45) and (10),
ISTL, ®;v; x, 2) = 275D-rD| ST, &3 Av; A, By2)|

gc . 2—3(’)—’(1)

But since the closure of {®;: I € Z™} in © consists by (36) only of I' " -defi-
nite forms, the kernel continuity theorem implies the posmve functlon
S(I"”,<I> v;0,0is>c, >0for®=9,l€EZ",and 1 < v, <2;Vj. Setting
V= 2A, v we get (39) using (8).

3 4 DEFINITION. For ! € Z define \Il,(x, 7) = (k’"*"‘(E,))‘ xE *, 2).
{xER™: x; = 0 V] ED}, I‘D Inn(T, NT), UD ={z GC" <I>(z)€ Tp).
mp: C" — Ufand 7 R™ —> T, are the orthogonal projections. The admis-
sible region R, CT'* @ R™ © C" is defined for € > 0 by

R, =R.(D) = {(v;x, z): v; > elTpv| Vj ED;
C)]

(46)

elrpxI < It ol, elmjzl? <7 vl
Lastly, for every integer k we define the k-majorant

_ —-s(l
@8) Hpx = & 270,

3.5. THEOREM (ALMOST EVERYWHERE LIMITS). Suppose § = Qroisa
polytopic Siegel domain of class (m, n) and suppose p €T, T = [[,], U=
{zEC": P(Z)ET}. Let m: C" — U, 7: R™ — T be the orthogonal pro-
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jections, 1t =1 —a,71 =1 — 1. Let A = ‘T C T*, and define
R ={@%x% 2)EAS T! ® U': dist(v?, 9A) > e|v?];

elx?] < 2, elz?|? < 3}
Suppose f € L'(R™ ® C™). Then for almost every (x%, z2) €T+ @ U* the
Jollowing holds: Let K C T, ©TOUbe compact and €> 0. If for 0 <6 <

80>0, (05 ,xs, 25 ) ER2 and limg_, (”.s’xs' zs ) = 0, then (with definitions
as in 2.5)

(49)

lim PO +v3; (x! +x2,2' +2%) 0 (x2,23)
50
(50)
= PfY;x! +x2,2! +22)
uniformly over 0'; x!, z') EK.

ProoF. To begin with we assume I' =T'7". Note that I <I' = E; C E.
Moreover, the Schwarz inequality on the quadratic forms d(@’) (z) = (¥(2), &)
implies E, o E, C 4E, and E,  E, © E, C 9E,. Since E, is symmetric in N, it
follows by a slight variation in the proof of Lemma 2.2 of [S] that if k +— I is
any increasing function from Z into Z"™, then

() X" EN: (f* ‘1’1;‘)(") >tsome k €Z}) <clfll,/t Vt>O0.

Lemma 2.3 of [5] implies that a similar weak-type inequality holds when one re-
places \Il, with Hp, 4 in (51).
We claim that if e>0,K CT, ® T ® U is compact, (v;x, zZ) ER_ N
(r ® 7 ® 1)~ 'K, k is the integer such that 2¥~! < |7lv| < 2%, and D =
{je{l,.. .,m}.p,-O},then
(52) P@; (t, w) o (x, 2)) < c(e, K)Hp i (1, w),
where c(e, K) is independent of k. Indeed, the condmons imply there exists
>0 dependent only on K and ¢, such that [, — 1< l(<h + Tand x, 2)€E
Ep sar - Also we may assume E, © E, C E;, 7 for all I. The claim now follows
from Lemma 3.3, and the definitions, since ¥, < c(?)\ll, +7 independently of .
For f € L!, choose for each integer r > 0 a function 4, € L! such that
ik, <277 and f — h, € C,. Define the regular set Q C N as follows:

(53) 0= {(x, z): lir’r_L sup [ :;g (h,| = Hp ) Cx, z)] = 0},

with convolution in N. If L C T ® U is compact there exists I’ = I'(L) € Z™
such that L C Eyr,y ¥k € Z. It follows that for &,z eL,

(54) Hp [t w)o 61, 21)] < c(L)Hp (1, w)
independently of k. Therefore if (x, z) € 0,
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(55) lim (:22 (k| » Hp DI, 2) 0 (1, z')]) =0

uniformly over (x!, z!) € L for any compact L C T ® U.

We now generalize to I' polytopic. In this case, T'* can be written as the
almost disjoint union of linear transforms of T'}". Summing a finite number of
transforms of Hy, ,, we get by (17) of [1] a majorant Hy..p,  for Pp. 4 which is
easily shown to satisfy (51)—(55). Indeed, if T* = U, T‘_,' is the almost disjoint
union, then I';, O T, Vj, and minor manipulations with linear transformations
give the results (cf. proof of [1, 3.7]).

Since I is polytopic, 7(p) = 0 and hence p is a regular point of T with
respect to & (see 4.4 below). Thus for each 7 > 0, the theorem holds for f — h,
€ C, by 2.5. But by (55) we may express @ = Q% o (TOU)= Q% + (TO V)
where Q2 C T+ ® U*. By the usual arguments (see proof of [1, 1.14]), it fol-
lows from (55) that (50) holds uniformly for (v!; x!, z!) €K if (x, z) =
(x2, z2) € Q?; the skewing caused by the o-product makes no essential difference.
But N — Q has measure O which implies (71 ® U') — Q2 has (T ® U')-mea-
sure 0. This completes the proof.

3.6. COROLLARY. Theorem 3.6 holds where the left-hand term in (50) is
replaced by

sli_{r(\, PO + v x! +x2 +x2,2! +22 +22),

if the set R? in the hypothesis is replaced by
6 R? ={0*x% ) € AOT! ® U distv?, 3A) > e[v?l;
5
elx?| < |v?], elz?] < 2]}

ProOF. Note that the last inequality in the definition makes ﬁg a narrower
set. The proof follows by converting the argument of Pf into the form of (50).

IV. Examples, remarks, conjectures. In a Siegel domain Q = Qr o We
have ®(C") C T C R™, where &(z) = ®(z, z), z € C". The image set H(C") is
a cone, but it may not be convex; it is therefore convenient to deal with ® =
cl?_sed convex hull of ®(C™). (For instance in (2,3 of 4.2 below, ®(C, ,) =
09.)

We will call a closed convex cone A thick if A = Inn A is open, or equiva-
lently if A has nonempty interior. A will be said to be narrow if A contains no
whole line. Clearly these conditions are dual, and A is proper if and only if it is
thick and narrow. (Here we apply the same terms to A = Inn A as to A.)

Since ® is narrow, its dual cone ®* is thick. In fact

&) ®* ={a ER™: $(a) > 0},
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where @ +— ®(a) € H, = {n x n Hermitian matrices} is as defined in 1.4.

Since ®(a) and ®(— «) are both > 0 if and only if $(a) = 0, we see that
®* = T, ® &*, where T, = {a € R™: &(a) = 0} and A" is a proper cone of
T. Thus $*, and hence &, are proper if and only if a > ®(a) is 1-1.

4.1. DEFINITIONS. (a) Suppose m = 0, and T is a proper cone of R™. We
call ' a Hermitian cone if either m = 0, or there exists / > 0 and a 1-1 linear
map ¥: R™ — H, such that T' = {a € R™: Y () > 0}. T is a Hermitian dual
cone if I'* is a Hermitian cone.

(b) Suppose 2 = Q. 4 is a Siegel domain. We call Q minimal (with respect
to ®) if & = T, and loose if ® — {0} CT.

We note at once that in the decomposition ®* = T, ® A*, A* is a Her-
mitian cone; this follows from the I'-definiteness of ®. Thus & is a Hermitian
dual cone on the subspace [®]. Note also that 4.1(b) can be expressed in dual
terms: § is minimal iff ®* = T'*, and loose iff T* — {0} C ®* = Int *. The
“minimal” and “loose” Siegel domains are extreme cases, as can be seen by con-
sulting the definition; but in fact most common examples of Siegel domains fall
into one or the other of these categories. Tube domains are examples of loose
Siegel domains; the common nontube infinite realizations of Cartan domains are
all minimal Siegel domains.

4.2. ExaMpLES. The best known examples of Siegel domains are the in-
finite realizations of Cartan domains [3], [4], [S]. The simplest of these is the
type I domain of order (k, k + 1), k> 0,1> 0. Here m = k2, n = kI, and if
we identify R™ with H,, using as inner product in H, + iH, = C, the form
(4, BY = tr AB*, then the Siegel domain Qx4 x) = Q is Qp o, Where I' =
HE,C" = G, = {k x I complex matrices} with inner product (E, F) =
tr EF* = tr F*E, and

(58) ®(E, F)=EF*CC,.
EXAMPLE 42(2). If 1> 0 clearly  C T. But * ={B€EH,: tr EE*B >

OVE €C,,}. If B #0 there exists unitary U € C, such that U*BU is real diag-
onal with negative upper left-hand corner entry. If

l 0000 0

El= 0.00

O eee¢e O
O e O

and E = UE, then
(59) tr EE*B = ttU*(EE*B)U = tr U*E E*U U*BU = tr E,E;U*BU <0.
Thus 3* CH;}, ®* = H,}, and Q is minimal.
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Suppose p € Ht , rank p = k, <k. There exists unitary U € C,, such
that U™pU is diagonal with the first k, elements on the diagonal all positive.
Since (4, E) +— (U*AU, U™E) is an identification of Q with itself (see 1.1), we
may assume p is of this form. Written in (k,, k — k,)-block matrix form, we
then get for k, =k -k,

T,(p) = {(g‘ g):AIEHkl}, T,(p) = {(g* %):Bec,‘l,kz},

(60)T3(p)= {(g g):CGsz}, r,= {(‘gl 8):,4,611;’},

%) = .{(g °C>:ceH,;‘2},

where HJ is defined to equal {0}. The standard differentiator A; @ B; acts on
V H, ec,, as follows:

61) (4 ©®B,) (A E) = (Hy AHy, H,E), Hy = ({) 8_°,1>.

Thus Q; = Q, Q, = £, and it is straightforward to show that p is regular. If
we write

El

then
U, = £ v,= {(9 and Q ~Q
1 - 0 ’ 2 = E2 ’ ‘D I(kq,kqy+1)

in the obvious fashion, unless k; = 0 in which case Qp is trivial.

A similar analysis shows each point of the Siegel domain of type IVb(k) is
regular: one merely has to shift over to quaternion-Hermitian matrices and
quaternion inner products [5]. Again, the lower-dimensional Siegel domains of
Theorem 2.5 are also of type IVDb, and the domain itself is minimal.

ExAMPLE 4.2(b). The classical tube domains all satisfy the hypotheses of
Theorem 2.5. Indeed, the cones are the cones of positive definite Hermitian
(type I), real symmetric (type II), and quaternion Hermitian (type IV(a)) matrices,
respectively, all of which are regular cones in the sense that all their boundary points
are regular. In each case the analogue of (60) holds, implying that the lower-dimen-
sional cones of [1, Theorem 2.11], are just lower-dimensional classical domains of
the same type. The type III domain is just the light-cone tube domain, one of the
“rounded” tube domains of [1].

REMARK. We note here that the direct sum of regular Siegel domains is
regular (see 4.4 below). Thus all symmetric Siegel domains constructed from the
classical domains are regular. The exceptional Siegel domains [3], [5] are pre-
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sumably regular also, although we have not carried out the calculations to prove
this.

4.3. ExampLES. If we restrict ourselves to minimal Siegel domains, it is
easy to construct “pathological” examples. They suggest that Hermitian dual
cones might be an interesting object of study.

4.3(a). Define ®: C3 x C3 — R* + iR* as follows:

(63) (2, W)= (z,wy, 2,W3 + 2w, + 23wy, Z,W5 + Z3W,, Z,W5).

Equivalently, ® is the form such that

o, 0 a
(64) d@=[{0 @& o), a=(,a,a;a)ER
a, o3 o,

Since ®[(1, 8, 0, 1)] > 0 for 0 <& < 1, and since the ®(a’) are linearly inde-
pendent (for {a/} the canonical basis of R*), & and &* are proper cones. Let
F=3. CealyacT*=q, >0and(0,0,0,1)€T* hence (1,0,0,0) €
ar** =ar. If p = (1, 0, 0, 0) it is easy to verify that ' *(p) = {(0, 0, 0, a,):
a, >0} But U, =Ker [(0, 0,0, 1)] = {z €C3: z; =0}, 50 (U;) =
{(ay, @, 0,0): a;, @, =0}, and p is not “nice” with respect to ® in the sense
of 2.1.

Since inf{|®(z)|: z € C3, |z| = 1} > 0, a compactness argument implies
®(C?) is closed and & = convex hull of $(C?). Hence T, C (convex hull of
o(C3) N {a€R* a, =0} = ®(U,). In fact T, is the closed convex compo-
nent of p in (U, ), hence I‘ ={(a;,0,0,0): @, >0}. Applying the standard
differentiator 4, of 2.2 to I‘ & we see that A;T = 3; where &5 = A; %% for
a suitable By:

o 0 a,
(65) q)a [(al » Oy U3, a4)] =(0 oy 8"’0:3
a, 8%a; @

Hence lim; | o 45T exists and equals &, where & = lim, , , ®; . But
®,[(0, 0, a3, 0)] = O for all ay €R; hence $, C {a € R*: a; = 0} and is not
proper. Thus we have an example of a Hermitian dual cone with a boundary
point that is not “nice” even in the sense of [1, 2.6].

REMARK. The above example suggests that the definition of “nice” point
be generalized to allow differentiators of the form

(66) Ag=my+8 m +8 2my + o0 +8 km,

where 1 <r, < -++ <7, the m; are pairwise orthogonal Hermitian projections with
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sum 1, and 7y(R™) = [T,]. It can be shown that if I is a Hermitian dual cone,
all points of I are “nice” under this definition. (The corresponding result for a
Hermitian cone is an easy consequence of the result for Hn’r J)

EXAMPLE 4.3(b). Let ®: C3 x C® — R* + iR* be defined as in (64) by

o, 0 a3
67 d@=(0 a a;) fora= (a0, a3 0)€ R%.
a; 0y

If we set U, = {z € C3: z; = 0} we see that ®(U,) = {(;, ®,,0,0): &}, @, >
0}. But U, =Ker ®[(0, 0, 0, 1)] and (0, 0, 0, 1) € 39™; hence choosing p =
(1,1,0, 0) we have T, = ®(U,), T *(p) = {(0,0, 0, a;): &y > 0}, and U, (p) =
u,.

By the construction we see that p is a “nice” point of I' = ¢ with respect
to ®; in fact, T; = I' and ®; = A; &% = & for all § > 0, since @ is already in
the form of (22). Hence l": =T*={a €R*: &(a)> 0}. Using this explicit
expression, it is easy to check that p is not a regular point of ® = T, even in the
weak sense of [1, 2.10].

The strong regularity condition of 2.3 above is, of course, much harder to
satisfy; a “random” choice is unlikely to satisfy 2.3(c). However, there are several
common hypotheses which insure that this condition holds (besides the symmetry
hypothesis of Example 4.2):

44. CLAIM. p is a regular point of T with respect to ® if any of the follow-
ing hold:

(@ p=0orp€T;

(b)p =Aq, T = AA, and ® = AVE, where A, B are nonsingular as in 1.3,
and q is regular in A with respect to y;

(c) p; is a regular point of I—‘i with respect to ®;; where &;: c"i x C"i —
R™/ + iR™ is T-definite, R™ = R™1 ®R"2,C" = "1 €C"2,T =T, @T,,
¢=¢, ©,,andp = (p,, p,); B

(d) p is regular in the sense of [1, 2.10], and p € ®;

(e) r(p) = 0, that is, dim [T',] + dim [T )] =m;

(f) 0#p €T, k*(p) = dim [[ *(p)] = 1, p is “nice” in the sense of
[1,2.6], and for any ay €T *(p), 0 < dim Ker ®(a) = constant for a €30'* N
N(ap), where N(a,) is some neighbourhood of a.

ProOF. (a) is trivial and (c) is straightforward from the definitions. (b)
follows, as in [1, 2.13], by identifying (Definition 1.1) A and B with upper tri-
angular matrices (see [1, 2.7]), writing (45 ® B;) (4 ® B) = A s © Ea) .

(A5 @ By), and taking limits. (d) follows because 2.1(b) and 2.3(c) are both
trivial consequences of the fact that Ker ®(a) = 0 for a« € I' *(p). Points satisfy-
ing (¢) are automatically “nice”, by the remark following 2.1, and Ty = I—‘p’" ®
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T *(p); since B(a) = 0 in 2.3(c) the claim follows in this case.

To prove (f), let p: R™~! — R™ be an affine map with p(0) = a, and
[o(B) = lagl for € R’" !, Without loss of generality we may assume that
there are nelghbourhoodsN of 0inR™/(j =1, 2) and a real valued func-
tion B, onN such that for BY=(Bys - sBpm_1)sB,(B*)>0and

(68) (B, B)EN, Np~'@F*) <= pL € N, and §, = B, (BL).

Let ¥(8) = ®[p(B)] for BEN,. Since 0 <& = dim U,, where U, = Ker &(a,),
there exists € > 0 such that all nonzero eigenvalues of ®(a,) = ¥(0) are > 2e.
Using the Cauchy integral formula for matrices, integrating for a projection around
the circle of radius € about 0, we see that in some neighbourhood of 0, the
orthogonal projection m, 5 of U, is an analytic function of 8, where

69) U= > (4% Us: U; is eigenspace of eigenvalue s of ¥ (), and |s| < €}.

Defining U,z = UI > Mag =1 — M5, we can use the Gram-Schmidt process on
{m ﬁﬁ }, where { ﬁ"} is a fixed orthonormal basis of U =U, i0s tO define a unitary
map R U — U i which is an analytic function of B Settmg RB =R, ) GRw,
we see that R C" — C" is unitary and analytic in 8, and Ry=1

Let (3 g) be the (U,, U,)-block matrix expression for ¥(0), and let

A, B, 0
(B Cl) (851 >(0)

Since in addition to (68) we may assume (8, , 8 eﬁz Nnp-1(T* > B, =0,it
follows that ¥[(¢, 0,0, ...,0)] >0 for 0 <t<t,> 0 and hence 4, > 0;
also C> 0 by definition of U,. Expanding, we see that

9
(70) 1 —Rp V(BIRy|

()
ap 0o C

for some matrix E", since off-diagonal blocks of R; ‘I’(B)Rﬁ are identically zero.
By continuity, the upper left-hand block of (B/BB,)R; Y(B)Rg is > 0 for B in
some neighbourhood of 0.

Thus, assuming N , and Nz small enough, we have by the assumption of (f)
an analytic function 6: ﬁl — R such that

1) 36(B)/38, >0 and 6(B)" = det ¥() for BEN,,
(1) {BEN,: 8(8)=0} = {BEN,: 8, = B,(8"), L EN,}.

It follows that B, (81) is analytic. Since k*(p) = 1, we have { g* €N,
B,(B*) = 0} = {0}; since p is a “nice” point of T, the Hessian of §, (8*) at ' =
0 must be positive definite. It follows as in [1] that r(p) =m — 2, k(p) = 1,
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and 9T is analytic near p. Thus 2.3(a) and 2.3(b) are satisfied [1, 2.17]. Taking
the derivative as in 2.2, one finds that dim Ker ®y(a) = h fora € al‘: » T3(a)

# 0; from this it follows as in (23) that 2.3(c) holds near zero by continuity
(since C(a) > 0), and hence everywhere by analyticity.

4.5. CoNJECTURE. We conjecture that the conclusion of Theorem 3.5
holds at p €T, where r(p) = 0, and T is formed by direct summations, linear
transformations, and special intersections [1, 1.5] from cones I:l of the following
types:

(a) I; + i[I;] is the infinite realization of a Hermitian symmetric space; or

(b) T;, ¥; satisfy the hypotheses of 4.4(f) at every p; € oT; — {0}. Here
we assume ® is constructed from the &; by direct summations and linear trans-
formations as in 4.4(b), (c), and left fixed under special intersections.

REMARKS. It is clear by the usual arguments (see [1]) that if we can
prove the kernels in 4.5(a), (b) are “radially almost-everywhere fast-decreasing”
then the claim follows. Case (a), which is independent of ®:, should follow as
in §III above by using the group of automorphisms of I;. In case (b), which
we can extend to include 2 = 0 (i.e. 4.4(d)), the methods of the proof of [1,
3.3], may apply, though the case 2 > 1 presents difficulties. In general,
the author makes the following conjecture, whose proof would seem to require
more advanced methods than those used here:

4.6. CoNJECTURE. The conclusion of Theorem 3.5 holds at p € T if and
only if r(p) = 0.
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